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In a previous paper |CG] , we showed how one could generalize Taylor- Wiles modularity 
lifting theorems {Wil95[ [TW95] to contexts beyond those in which the automorphic forms 
in question arose from the middle degree cohomology of Shimura varieties; in particular, 
to contexts in which the relevant automorphic forms contributed to cohomology in exactly 
two degrees. In this sequel, we extend our method to the general case in which Galois 
representations are expected to occur in cohomology, contingent on the (as yet unproven) 
existence of certain Galois representations. Our method currently applies (in principle) in 
two contexts: 

Betti To Galois representations conjecturally arising from tempered tt of cohomological type 
associated to G, where G is reductive with a maximal compact K, maximal Q-split 
torus A, and ?o = rank(G) — rank(X) — rank(A) is arbitrary, 
Coherent To Galois representations conjecturally arising from tempered tt associated to G, 
where (G, X) is a Shimura variety over a totally real field F, and such that ir v at 
all infinite places is either a discrete series or a holomorphic limit of discrete series. 
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We do not address the problem of constructing Galois representations. Note that our 
methods require Galois representations associated to torsion classes which do not necessarily 
lift to characteristic zero, so the forthcoming results of [HL TTj are not sufficient for our needs, 
even if we restrict our attention to CM fields. 

The following results are a sample of what can be shown by these methods in case Betti, 
assuming (ConjecturelAlof § !6.ip the existence of Galois representations in appropriate degrees 
satisfying the expected properties. 

Theorem 1.1. Assume Conjecture\M Let F be any number field, and let E be an elliptic 
curve over F. Then the following hold: 

(1) E is potentially modular. 

(2) The Sato-Tate conjecture is true for E. 

In the context of the case Coherent, it transpires that our results are still conditional on 
conjectures concerning the existence of Galois representations, since the usual methods for 
constructing representations (using congruences) only work with Hecke actions on H®(X,$) 
rather than H % (X,$) for % > 0. In this paper, we address the commutative algebra issues 
necessary to handle the coherent case, but we omit any specific conjectural applications, 
instead mentioning that we intend to come back to the coherent case in future work (where, 
in a limited number of cases, we have some unconditional results). 

The proof of Theorem 11.11 relies on the following ingredients. The first ingredient consists 
of the usual techniques in modularity lifting (the Taylor-Wiles-Kisin method) as augmented 
by Taylor's Ihara's Lemma avoidance trick |Tay08|. The second ingredient is to observe that 
these arguments continue to hold in a more general situation, provided that one can show that 
there is "enough" cohomology. This is the philosophy explained in [CGj and amounts to giving 
a lower bound on the depth of certain patched Hecke modules. Finally, one can obtain such 
a lower bound by a commutative algebra argument, assuming that the relevant cohomology 
occurs only in a certain range of length Iq. Conjecture [A] amounts to assuming both the 
existence of Galois representations together with the vanishing of cohomology (localized at 
an appropriate m) outside a given range. 

We now state the (conditional) modularity lifting theorem used to prove the results above. 
Let O denote the ring of integers in a finite extension of Q p , let w be a uniformizer of C, and 
let O/w = k be the residue field. Recall that a representation Gal(C/R) — > GL n (C) is odd 
if the image of c has trace in {—1,0, 1}.) 

Theorem 1.2. Assume Conjecture L4l Let F/Q be an arbitrary number field, andn a positive 
integer. Let p > n be unramified in F. Let 

r : Gf — > GL n (£>) 

be a continuous Galois representation unramified outside a finite set of primes. Denote the 
mod-zu reduction of r byr: Gf — > GL n (k). Suppose that 

(1) If v\p, the representation r\D v is crystalline. 

(2) diniQ p gr l (r ®Q p S DR ) Gal (Qp/Qp) = unless i G {0, 1, . . . , n - 1}, in which case it has 
dimension 1. 

(3) The restriction ofr to F((^ p ) is absolutely irreducible, and the field _F(ad°(r)) does not 
contain F(£ p ). 

(4) In the terminology of [CHT08j . Definition 2.5.1, r is big. 
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(5) If v\oo is any real place of F, then r\Gp v is odd. 

(6) If r is ramified at a prime x, then r\I x is unipotent. Moreover, if, futhermore, r is 
unramified at x, then N(x) = 1 mod p. 

(7) Either: 

(a) There exists a cuspidal automorphic representation ttq of GL n (Ap) such that: 
ttq^ has trivial infinitesimal character for all v\oo, good reduction at all v\p, and 
the p-adic Galois representation r p (n) both satisfies condition^ and the identity 
r p (ir) = r. 

(b) r is Serre modular of minimal level N(r), and r is ramified only at primes which 
ramify in r. 

Then r is modular, that is, there exists a regular algebraic cusp form tt for GL n (Ai?) with 
trivial infinitesimal character such that L(r,s) = L(tt,s). 

As in |CG| , condition [7b] is only a statement about the existence of a mod-p cohomology 
class of level N(r), not the existence of a characteristic zero lift; this condition is the nat- 
ural generalization of Serre's conjecture. On the other hand, the usual strategy for proving 
potential modularity usually proceeds by producing characteristic zero lifts which are not 
minimal, and thus condition [7a] will be useful for applications. If conditions 1, 2, and 3 are 
satisfied, then conditions [5] and [6] are satisfied after a solvable extension which is unramified 
at p. Moreover, if 7 admits an automorphic lift with trivial infinitesimal character and good 
reduction at p, then condition [7a] is also satisfied after a solvable extension which is unramified 
at p. Condition [7bl however, is not obviously preserved under cyclic base change. 

Note that it will be obvious to the expert that our methods will allow for (conditional) gen- 
eralizations of these theorems to other contexts (for example, varying the weight) but we have 
contented ourselves with the simplest possible statements necessary to deduce Theorem II. 11 
For a similar reason, we assume that r is big rather than adequate (in the sense of [Thollj ). 

We caution, however, that several techniques are not available in this case, in particular, 
the lifting techniques of Ramakrishna and Khare-Wintenberger require that Iq = 0. 

The main ideas of this paper have been worked out for some time, but the delay in releasing 
this preprint has been caused by our attempts to provide unconditional results in several 
Coherent cases (we have some partial results in this direction which will hopefully appear 
in future work). 

2. ACKNOWLEDGEMENTS 

Several of the ideas in this paper go back to the writing of [CG| and even before then; 
conversations with Matthew Emerton have certainly helped inspire some of the philosophy 
behind [CGJ and this paper. Some of the ideas were also discovered when both of the authors 
were members of the Institute for Advanced Study in 2010-2011. In September 2012, we 
received a communication from David Hansen indicating that he had independently discovered 
several of the commutative algebra ideas behind this paper (in the Betti case), and noted 
their possible application to minimal modularity lifting theorems, following [CG| ; in our reply, 
we informed him that we were in process of finishing this paper. He has subsequently posted 
a short sketch of his approach to the arXiv as the preprint [Hanl2], which aims to prove a 
minimal ordinary modularity lifting theorem for GL(2) over an arbitrary number field. It 
should be noted, however, that several of the assertions in that paper are inconsistent with 
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the fact that the appropriate local ordinary deformation rings at p (for arbitrary number 
fields F) are not, in general, formally smooth. 

Notation 

In this paper, O will denote the ring of integers in a finite extension K of Q p . We let 
w denote a uniformizer in O and let k = O/w be the residue field. We denote by Co the 
category of complete Noetherian local O-algebras with residue field k. If G is a group and 
X '■ G — > k x is a character, we denote by (x) '■ G — > O x the Teichmiiller lift of x- 

If F is a field we let Gf denote the Galois group G&l(F/F) for some choice of algebraic 
closure F/F. We let e : Gf — > Z* denote the p-adic cyclotomic character. If F is a number 
field and v is a prime of F, we let O v denote the ring of integers in the completion of F at v 
and we let tt v denote a uniformizer in O v . We denote Gp v by G v and let I v C G„ be the inertia 
group. We also let Frob„ € G v /I v denote the arithmetic Probenius. We let Art : F* — > Wp^ 
denote the local Artin map, normalized to send uniformizers to geometric Frobenius lifts. If 
R is a ring and a £ R x , we let A (a) : G v — >• R x denoted the unramified character which 
sends Frob„ to a, when such a character exists. We let Ap and Ap 3 denote the adeles and 
finite adeles of F respectively. If F = Q, we simply write A and A°°. 

If P is a bounded complex of S-modules for some ring S, then we let H*{P) = ®iH l (P). 
Any map H*{P) — > H*(P) will be assumed to be degree preserving. 

If R is a local ring, we will sometimes denote the maximal ideal of R by m/j. 

3. Some Commutative Algebra 

The general difficulty (as explained in |CGj ) in proving that Roo = T m is to show that 
there are enough modular Galois representations. If the cohomology we are interested in 
occurs in a range of degrees of length Iq, then we would like to show that in at least one of 
these degrees that the associated modules Hn (which are both Hecke modules and modules 
for the group rings Sn '■= 0[(Z/p N Zi) q ]) compile, in a Taylor-Wiles patching process, to form 
a module of codimension over the completed group ring := ©[[(Zp) 9 ]]. The problem 
then becomes to find a find a suitable notion of "codimension Iq" for modules over a local 
ring that 

(1) is well behaved for non-reduced quotients of power series rings over O (like Sn), 

(2) can be established for the spaces Hn in question, 

(3) compiles well in a Taylor-Wiles system. 

It turns out to be more effective to patch together a series of complexes Dn of length Iq 
whose cohomology computes the cohomology of Ti(Q]y) localized at m. The limit of these 
patched complexes will then turn out to be a length Iq resolution of an associated patched 
module. 

It will be useful to prove the following lemmas. 

Lemma 3.1. Let S be a Noetherian local ring. If N is an S -module with depth n, and 
^ M C N, then dim(M) > n. 

Proof. Let p be an associated prime of M (and hence of N). Then p is the annihilator of 
some / m € M, and it suffices to prove the result for M replaced by mS C M. On the 
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other hand, for a Noetherian local ring, one has the inequality (see [Mat86| . Theorem 17.2) 

n = depth(iV) < min dim S/p < dim(M). 

Ass(AT) 

□ 

We deduce from this the following: 

Lemma 3.2. Let Iq > be an integer and let S be a complete Noetherian regular local ring 
of dimension n > Iq. Let P be a complex which is concentrated in degrees 0, . . . ,Iq. Then 
codim(iJ*(P)) < Iq, and moreover, if equality occurs, then: 

(1) P is a resolution of H l °(P), 

(2) H l °(P) has depth n — Iq and has projective dimension Iq. 

Proof. Let m < Iq denote the smallest integer such that H m (P) ^ 0. Consider the complex: 

P° -> P 1 -> . . . -»■ P m . 

By assumption, this complex is exact until the final term, and thus it is the resolution of 
a certain module K m := P m / Im(P m_1 ). It follows that the projective dimension of K m is 
< m. On the other hand, we see that 

H m {P) = ker(P m )/Im(P m - 1 ) C K m , 

and thus 

codim(P m (P)) = n - dim(F m (P)) <n- depth(ii" m ) = proj.dim(ii" m ) < m, 

where the central inequality is Lemma l3.ll and the second equality is the Auslander-Buchsbaum 
formula. 

Suppose that codim(i/*(P)) > Iq. Then it follows from the argument above that the 
smallest m for which H m (P) is non-zero is m = Iq, that codim(F'°(P)) = Iq, that P is a 
resolution of H l °(P), and that proj.dim(/f'°(P)) = Iq, completing the argument. □ 

3.1. Patching. We establish in this section an abstract Taylor-Wiles style patching result 
which may be viewed as an analogue of Theorem 2.1 of [Dia97] and Proposition 2.3 of |CG| . 
but also including refinements due to Kisin |Kis09| . 

Theorem 3.3. Let q and j be non-negative integers with q + j > Iq, and let = ©[[(Zp) 9 ]]. 
For each integer N > 0, let S N := 0[A N ] with A N := (Z/p N Z) q . For each N > M > and 
each ideal L of O, we regard Sn/I (and in particular, O/L = So/ 1) as a quotient of Sm via 
the quotient map Am -» A^r and reduction modulo I. 

(1) Let Pqo be an object of Co of Krull dimension 1 + j + q — Iq. 

(2) Let R be an object of Co, let H be an R-module. 

(3) Let T be a complex of finite dimensional k-vector spaces concentrated in degrees 0, . . . ,Iq 
together with a differential d = 0. 

Let O d = 0[[zi, Zj}} and for each O -module M, we let M u := M (g> O n . We regard O 
as a O n -algebra via the map sending each Z{ to 0. Suppose that, for each integer N > 1, 
is a perfect complex of Sn -modules with the following properties: 

(a) There is an isomorphism ®g N Sjy/ms N — T. 
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(b) For each M > N > with M > 1 and each n > 1, the action of Sm on the cohomology 
of the complex <8>s M Sn/^ u extends to an action of (S>o <Sm- V> ^ n addition, 
N > N' > and n > n' > I, then the natural map F*(D^® SM SW/OT n ) -> H*{D^®s M 
S^i jw n ) is compatible with the R^-actions. 

(c) ForM,N and n as above, the image of in Endo{H*(D { ^ I <8>s M Sn/zv 71 )) is contained 
in the image of Roo . 

(d) For each N > 1, there is a surjective map 4>n '■ Roo —> Ft, and for each n > 1 we are 
given an isomorphism 

H lo {D% ® s n O/w 11 ) = H l ° (Dn ® Sn 0/w n ) ® n O ~ H/w n 

of Roo -modules where Roo acts on H/w n via 4>n- Moreover, these isomorphisms are 
compatible for fixed N and varying n. 

Let o C denote the kernel of the map — > O sending each element of (Z p ) q to 1 and 
each Z{ to 0. Then the following holds: there is a perfect complex of finitely generated 
S^-modules concentrated in degrees 0, ... Jo such that 

(i) The complex P^ is a projective resolution, of minimal length, of its top degree coho- 
mology H l "(P^). 

(ii) There is an action of Roo^oS^ on H l °(P^) extending the action of and such that 
H l °(P^) is a finite Rao-module. 

(Hi) The Roo-depth of H l °(P 00 ) is equal to 1 +j + q — Iq{= dim Roo). 

(iv) There is a surjection poo : Roo -» R and an isomorphism ipoo : H l °(P^)/a —> H of 
Roo-modules where Roo acts on H via (poo. 

Proof. For each N > 1, let d/v denote the kernel of the natural surjection Soo -» Sn and let 
b 7v denote the open ideal of 5^ generated by w N , d/v and (z^ , . . . , z^). Choose a sequence 
of open ideals (<)n)n>i of R such that 

• T)n 3 fliV+i for all N > 1; 

• <^N>it>N = (0); 

• vj n R C Ojv C w N R + Ann R (H) for all N. 

Define a patching datum of level N to be a 3-tuple ((ft, if), P) where 

• <f> : Roo -» R/Dn is a surjection in Co; 

• P is a perfect complex of Soo/i^N + ro Ar )-modules such that P <%> Soo/^Soo — T\ 

• For each TV > N' > 0, each N > n' > 1 and each ideal / of O u with (zf, . . . , zf) C 

/ C (zi, . . . , Zj), the cohomology groups H l {P ®Soo ®o O u j(J + Tu n ')) carry an 
action of Roo^oS^ extending the action of 5^ , and these actions are compatible for 
varying N', n' and /; 

• tp : H l °(P D (g> s n S^ J /(a + 'UJ N )) ^> H/w N H is an isomorphism of Roo modules (where 
Roo acts on H/w N H via <p). (Note that ip then gives rise to an isomorphism of 
.Roo-modules between H lo (P a ® s g Sg/(a + w n ')) and H/w n> H for each N > n' > 1.) 

We say that two such 3-tuples (<p,tp,P) and ((/)' ,ip' , P') are isomorphic if (p = $ and there is 
an isomorphism of complexes P —> P' of S'oo-modules inducing isomorphisms of Roo^oSoo- 
modules on cohomology which are compatible with ip and ip 1 in degree Iq. We note that, up 
to isomorphism, there are finitely many patching data of level N. (This follows from the fact 
that Roo and Soo are topologically finitely generated, and that T is finite.) If D is a patching 
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datum of level N and 1 < N' < N, then D gives rise to a patching datum of level N' in an 
obvious fashion. We denote this datum by D mod d^ 1 - 

For each pair of integers (M,N) with M > N > 1, we define a patching datum Dm n of 
level iV as follows: the statement of the proposition gives a homomorphism 0tv/ : Poo ~* R 
and an S^-complex Dm- We take 

• to be the composition Poo -» R -» R/Dn] 

• P to be P M ®Soo <W(ajv + ^) = ®S M S N /w N ; 

• V : H l \P u ® s n Sg/(a + w N )) = H l «(D^ ® s u 0/w N ) ^ H/w N to be the given 
isomorphism. 

Note that for any ideal / of O u with (z^, ... ,z^) did {z\, . . . , Zj), we have 

fl*^ ®S„ SjV ^ D /( / + ^ n ')) = Hi ( pD ®S. S N ,/w n ') ® oa O n /I, 

and hence this space carries an Poo-action by assumption ()b]). 

Since there are finitely many patching data of each level N > 1, up to isomorphism, we 
can find a sequence of pairs (Mi, iVj)j>i such that 

• Mi>Ni, M i+1 > Mi, and N i+1 > N { for all i; 

• DM i+1 ,N i+1 mod OjVj is isomorphic to Dm^Ni for alii > 1. 

For each i > 1, we write -Dm^tV; = (<}>i,ipi,Pi) an d we fix an isomorphism between I?Af i+1) jv j+1 
mod bjVj and Dmi,^- We define 

• : i?oo — » R to be the inverse limit of the 4>i] 

• P° := lim.PP/b^ where each transition map is the composite of Pj^x/bjVj+i -» 
P^i/b^i with the isomorphism Pj+i/bjV; —> PP/b^ coming from the chosen isomor- 
phism between D Mi+1 ,N i+1 mod b^ and D Mi ,Ni- 

• ipoc to be the isomorphism of Poo-modules H l °(P^)/a = H l °(P^/a) ^> H (where Roo 
acts on H via c^oo) arising from the isomorphisms 

Then P^ is a perfect complex of 5^-modules concentrated in degrees 0, . . . , Iq such that 
H*(P^) carries an action of P 00 ( 8 ) e><S'oo (extending the action of <S^ ). The image of in 
Endo(-ff*(P^)) is contained in the image of Poo- (Use assumption |cj and the fact that the 
image of Poo is closed in Ende>(P*(P^)) (with its profinite topology).) It follows that H l (P^) 
is a finite Poo-module for each i. Since is formally smooth over O, we can and do choose a 
homomorphism % : — > Poo in Co, compatible with the actions of and Poo on H*(P^). 

Since dim 5 n (H*(P^)) = dim^ (P*(P^)) and dimPoo = dimS^ — Iq, we deduce that 
H*(P^) has codimension at most Iq as an Sj^-module. By Lemma 1331 (with S = and 
P = P^) we deduce that P^ is a resolution of minimal length of H l °(P^) and that the latter 
has S^-depth equal to 1 + j + q — Iq. It follows that 

depth s n (H l ° (P°)) = dim(S° ) - l = 1 +j + g - l . 

□ 

Theorem 3.4. Keep the notation of the previous theorem and suppose in addition that Poo 
is p-torsion free. 

(1) If Roo is formally smooth overO, so R ~ 0[[xi, . . . ,x g _; ]], then H is a free R-module. 

(2) If Poo[l/p] is irreducible, then H is a nearly faithful R-module (in the terminology 
of |Tiy08l j. 
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(3) More generally, H is nearly faithful as an R-module providing that every irreducible 
component of Spec(i? oc [l/p]) is in the support of H (P oo )[l/p). 

Proof. Suppose that ~ 0[[xi, . . . , Xj +q _i ]]. Since depth^ (H l °(P^)) = dimi^, ap- 
plying the Auslander-Buchsbaum formula again, we deduce that H l °(P^) is free over i?oo- 
Finally, the existence of the isomorphism tp^ : H ° (P^) / aH l ° (P^) — > H tells us that 
Roo/i(a)Roo — R and that R acts freely on H. 

For the remaining cases, to show that H is nearly faithful as an i?-module, it suffices to 
show that H lo (P^) is nearly faithful as an i^oo-module. S ince Rqo is p-torsion free, all its 
minimal primes have characteristic 0. Thus H l °(P^) is nearly faithful as an iJoo-module if 
and only if each irreducible component of Spec(i?oo[l/p]) lies in the support of H l °(P^)[l/p\. 
Part ([3]) follows immediately. For part ([2]), note that since depth Roo (H l ° (P^)) = dimi^oo, the 
support of H l °(P^) is a union of irreducible components of Spec(i?oo) of maximal dimension. 
Since H l °(P^) / {0}, the result follows. □ 

Remark 3.5. It follows from the proof of the previous theorem that for H l °(P^) to be nearly 
faithful as an R^-module, it is necessary that R^ be equidimensional. 

To implement the level-changing techniques of |Tay08|, we will need the following refine- 
ment of Theorem \~ 



Proposition 3.6. Let Sn and O n be as in Theorem \3.3[ Suppose we are given two sets 
of data (i?^, R 1 , H l , T l , (D 1 n )n>i, (05v)at>i) satisfying assumptions (HJ- © and (jaj- (jdj) of 
Theorem \3.3\ for i = 1,2. Suppose also that we are given isomorphisms 

R l Jw ^ R 2 Jw 

R}jw ^ R 2 /w 

H x jw ^ H 2 /zu 

H l «({D l M ) u ®s M S N /w) ^ H l °((D 2 M ) n ®s M S N /w) 

for each M > N > and n > 1, compatible with all actions and such that for each N > 1 the 
square 

H l °(P]j a ® SN OM > H l °(P% D ® Sn O/w) 



H 1 /w > H 2 /w 

commutes. Then we can find complexes P^p for i = 1,2 satisfying conclusions (P- (fry)) of 
Theorem \3.3\ as well as the following additional property: 
• There is an isomorphism 

H^{PlP)/(a + w)^H^{P 2 ^)(a + ^) 

compatible with the actions of R^/w, i = 1,2, and the isomorphism R^/w —> R^jw 
and such that the square 

H l »(P^ n )/(a + m) ► H l °(P^ D )/(a + zu) 



H l /w ► H 2 jw 
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commutes. 

Proof. This can be proved in much the same way as Theorem I3.3j we omit the details. □ 

4. Existence of complexes 

In this section, we prove the existence of the appropriate perfect complexes of length Iq 
which are required for patching. In both cases, the setting is similar: we have a covering 
space Xa(Q) — » Xo(Q) of manifolds or an etale map Xa(Q) — > Xq(Q) of schemes over O, 
each with covering group A, which is a finite abelian group of the form (Z/p N Z) q . In both 
cases, the cohomology localized at a maximal ideal m of the corresponding Hecke algebra T is 
assumed to vanish outside a range of length Iq. The key point is thus to construct complexes 
of the appropriate length whose size is bounded (in the sense of condition (jaj) of Theorem I3.3|) 
independently of Q, so that one may apply our patching result. 

4.1. The Betti Case. A triangulation of Xq(Q) gives rise to a perfect complex Co of O- 
modules. Pulling this triangulation back via the Galois cover ir : X^(Q) — > Xq(Q) under 
the natural projection gives rise to a corresponding perfect complex C of R = C[A]-modules 
which computes the cohomology of X&(Q), and such that C <g> R/a ~ Co, where a is the 
augmentation ideal of R. Any Hecke operator T gives rise to a map H*(C) — > H*{C) of 
i?-modules. Hence (because the complex is perfect) it lifts to a map: 

T:C ^C 

of complexes of i?-modules. 

Lemma 4.1. Let Ct '■= lim T n C. Then Ct is a perfect complex whose cohomology is 

— > 

UmT n H*{C). 

Proof. Since R is complete, the functor M — > lim T n M is exact, and is in fact a direct 

— ► 

summand of M (the other factor being the submodule of M on which T is topologically 
nilpotent). A direct summand of a projective module is projective, and the equality of 
homology is likewise an easy computation. □ 

Let m.R be the maximal ideal of R. 

Lemma 4.2 (Nakayama's Lemma for perfect complexes). There exists a perfect complex D 
of free R modules such that 

dimD n /m R = dim H n (C T <8> R/m B ) 

for all n. Moreover, the length of D is at most Iq, where Iq is the range of cohomology groups 
such that Y\mT n H*(C) is non-zero. 

Proof. By Lemma 1 of Mumford ( [MumOSj . Ch.II.5), one may find a complex K quasi- 
isomorphic to Ct such that K is bounded of length Iq, finitely generated, and free (Mumford 
only guarantees that the final term of the complex is flat, but since R is local, this final term 
is also free) . Assume that the differential d is non-zero modulo rajj from degree n to n + 1. 
Then by Nakayama's Lemma, there exists a direct sum decomposition 

K~L® (R[n\ ^ R[n + 1]) , 
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where L is also a complex of free modules which is clearly quasi-isomorphic to K. Replacing 
K by L and using induction, we eventually arrive at a complex D so that d is zero modulo 
m/j, from which the equality of dimensions follows by Nakayama's Lemma. □ 

The Hecke algebra T will be of the form T an [U x : x 6 Q] where T an is the subalgebra 
generated by good Hecke operators T x . We say that two maximal ideals of T give rise to 
the same Galois representation if they contract to the same ideal of T an . In order to apply 
the above lemmas in practice, we define take the Hecke operator T to be: 

q n 

where f2 is chosen as follows: for any maximal ideal n of T which gives rise to a Galois 

(i) 

representation distinct from m, there exists a good Hecke operator T x for some prime x and 
an r\ x such that T^p — r\ x 6 n but not in m. Let Q be a finite set of pairs (T x , r] x ) including one 
for each n. For the maximal ideals n with the same Galois representation as m, for all x\Q 
by construction there will be a projector tt x which commutes with the action of the diamond 
operators and cuts out the localization at m. (For example, if G = GL(2), then tt can be 
taken to be U x — (3 X for x\Q, where U x — a x € m and a x ,f3 x are the (distinct) eigenvalues of 
r(Frob s )). In particular, we have that 

lirn T n H l (V A (Q N ) , Z p ) = IP (T A (Q N ),Z p ) m . 

4.2. The Coherent Case. Consider an etale cover Y := X&(Q) — > X := Xq(Q) with 
Galois group A. Assume, moreover, that Xq (and thus Xa) is fiat over Spec(O). Let ^ 
be a sheaf of Ox-modules which is zu-torsion free. Following Nakajima [Nak84j, we take an 
affine covering of X by affine schemes {U a } which are flat over Spec(O). It follows that the 
corresponding O-modules iV = r(C7, JF) are flat, and thus one obtains a Cech complex C of 
O-flat C[A]-modules (of the form N (£> A B) computing IP(Y, f*{&)). 

Lemma 4.3. Let Spec(S) — > Spec(^4) be a finite etale morphism of flat O-algebras. Then, 
for any w-torsion free A-modules N , N ®a B is a projective R = 0[A]-module. 

Proof. Let M = N ® A B. Then 

M/w = (N ® A B)/w = N/zu ® A/vo B/w, 

and thus M/w is a projective R/w = A; [A] -module by Lemma 1 of [Nak84] . Since N is 
ro-torsion free, it is O-flat, and thus so is M by the flatness of B. Consider a free resolution 
• • • P n — > ■ ■ ■ Pq — >■ M —7- of M. Since w is not a zero-divisor in R or M, this sequence 
remains exact after tensoring with R/w, and hence it follows that 

Ext^(M,J)=Ext^ /ro (M/ ro ,J) 

for any i?/ro-module J. Thus Ext^,(M, J) = for any R/w-module J since M/w is projective 
over R/w. In particular, Ext)j(M, k) = for all i > and thus M is projective. □ 

It follows that C is a bounded complex of projective i?-modules computing H l (Y, f*{^)). 
Applying Lemma 1 of [Mum08], Ch.II.5 again, we may assume in addition that C is finitely 
generated in each degree (and hence C is perfect). Localizing at some operator T on 
jp(Y } /*JF) as above, we obtain a corresponding complex D. 
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Remark 4.4. A theorem of Kaplansky implies that a projective module P over a local ring 
R is always free (see |Kap58| ). 

5. Galois deformations 

In this section, we apply our methods to Galois representations of regular weight over 
number fields. When the relevant local deformation rings are all smooth, the argument is 
similar to the corresponding result for imaginary quadratic fields in |CGj that corresponds to 
the case n = 2 and Iq = 1. However, in order to prove non-minimal modularity theorems, it 
is necessary to consider non-smooth rings, following Kisin. The main reference for many of 
the local computations below is the paper [CHT08J. 

5.1. The invariant Iq. Let F be a number field of signature (r±,r2). The invariants Iq and 
qo may be defined explicitly by the following formula, where "rank" denotes rank over R. 

l := n (rank(SL n (R)) - rank(SO n (R))) + r 2 (rank(SL n (C)) - rank(SU n (C))) 

( n — 1\ . _ 
T\ I — - — I + r 2 (n - 1), n odd, 

)n-2\ 

7*1 I — - — j + r 2 (n — 1), n even. 
2q + Z := n (dim(SL n (R)) - dim(SO n (R))) + r 2 (dim(SL n (C)) - dim(SU„(C))) 



7*i I n 2 



l-^-il)+r 2 (2(n 2 -l)-(n 2 -l)). 



The invariants lo an d 2qo + Iq arise as follows: 2(7o + ^0 is the (real) dimension of the locally 
symmetric space associated to G := Res^/q(GL(n)), and [qo, . . . , qo+lo] is the range such that 
cuspidal automorphic it for G which are tempered at oo contribute to cuspidal cohomology 
(see Theorem 6.7, VII, p. 226 of [BW80]). (In particular, q$ is an integer.) 

Let Fbea representation of Gf of dimension n over a field of characteristic different from 2, 
and assume that the action of Gf v is odd for each v\oo. Explicitly, this is the trivial condition 
for complex places, and for real places v\oo says that the action of complex conjugation 
c v € Gf v satisfies Tr(c„) £ {—1,0, 1}. Then, via an elementary calculation, one has: 

'n 2 + 1 \ , 2 , 

-11+ r 2 (n — 1), n odd, 



^dimF°(F„,ad°(y)) 

v\oo 



2 

2 



n ( — 1 ) + r 2 (n — 1), n even. 



Thus, in both cases we see that: 

(1) ^dim^ (F„,ad (y)) = [F : Q] " (W ~ ^ + *0- 

t)|oo 

5.2. Deformations of Galois Representations. Let p > n be a prime that is unramified 
in F and assume that Frac W(k) contains the image of every embedding F «— )■ Q p . Fix a 
continuous absolutely irreducible representation: 

r:G F ^ GL„(Jfe). 

We assume that: 
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• For each v\p, t\q v is Fontaine-Laffaille with weights [0, 1, ... , re— 1] for each r : Of — > k 
factoring through Of v - 

• For each v \ p, r\c v has at worst unipotent ramification and N^/q(u) = 1 mod p if r 
is ramified at v. 

• The restriction T\g v is odd for each v\oo. 
We also fix a continuous character 

f : G F ->> O x 

lifting det(r) and with 

• f | Jfl = e "(n-l)/a for all v\p, and 

• = 1 f° r an w tP- 

Let S p denote the set of primes of F lying above p. Let R denote a finite set of primes of 
F disjoint from S p that contains all primes at which r ramifies and is such that Npyq(i>) = 1 
mod p for each v € R. Let S a and Q denote finite sets of primes of F disjoint from each other 
and from RU S p . Finally, let S = S P \J R\J S a and Sq = S\JQ. In what follows, R will 
consist of primes away from p where we allow ramification; Q will consist of Taylor-Wiles 
primes; and S a will consist of auxiliary primes which are present to ensure that our level 
subgroups are sufficiently small. 

5.2.1. Local deformation rings. For v\p, let R v denote the framed Fontaine-Laffaille O-deformation 
ring with determinant £,\g Fv and r- weights equal to [0, 1, . . . , re — 1] for each r : Of > W{k). 
By [CHT08 Prop. 2.4.3, R v is formally smooth over O of relative dimension re 2 — 1 + [F v : 
Q p ]re(re - l)/2. 

For each v £ R, choose a tuple Xv = (Xv,i, • • • , Xv,n) of distinct characters 

Xv,i 'h — > 1 + mo C O x 
such that FJ. is trivial. We introduce the following framed deformation rings for each 
v €R: 

• Let -Rj denote the universal framed O-deformation ring of r\c v corresponding to lifts 
of determinant £ and with the property that each element a £ I v has characteristic 
polynomial (X — l) n . 

• Let Rv v denote the universal framed O-deformation ring of r\c v corresponding to lifts 
of determinant £ and with the property that each element a £ I v has characteristic 
polynomial U^X - Xv,i( a ))- 

We let 

Lemma 5.1. The rings R^ oc and R* oc have the following properties: 

(1) Each of R\ oc and R* oc is p-torsion free and equidimensional of dimension 

l + |S p Ui?|(re 2 -l) + [F:Q]^^. 

(2) We have a natural isomorphism: 

R\jw ^ RlJw. 
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(3) The topological space Specif is irreducible. 

(4) Every irreducible component of SpecRf /to is contained in a unique irreducible com- 
ponent of SpecRl oc . 

Proof This follows from [BLGHTTTJ Lemma 3.3] using |Tay08 Prop. 3.1] and the properties 
of the Fontaine-Laffaille rings R v recalled above. □ 

For each v £ Q, we assume that: 

• t\g v = s v © tp v where ip v is a generalized eigenspace of Frobenius of dimension 1. 
Moreover, we let V v denote the deformation problem (in the sense of [CHT08, Defn. 2.2.2]) 
consisting of lifts r of f\a v of determinant £ and of the form p = s v ®ip v where s v (resp. ifi v ) 
lifts s v (resp. ip v ) and I v acts via scalars on s v and tpv Let 

L v C H 1 (G v ,ad°(r)) 

denote the Selmer condition determined by all deformations of r\G v to k[e]/e 2 of type T> v . 
Then 

dim fc L„ - h°{G v ,ad°{r) = 1. 

We assume that S a ^$ and that for each v G S a we have: 
. F°(G„ad°(r)(l)) = {0}, 

• If v lies above the rational prime x, then [-F(Cx) : Q] > re. 

If 

then by local duality and our first assumption on we have 

dim fc L,, - h°(G v ,&d°(r) = 0. 

5.2.2. Global deformation rings. We now consider the following global deformation data: 

Sq = (r, O, Sq,£, {D v ) veSpUQ , (T>l) v( z R ) 

S* = (r, O, Sq,£, (V v ) veSp uQ, V%)veR), 

where T> v , T>\ and T>v are the local deformation problems determined by the rings R v , 
and R% v for v £ S p or v € R. A deformation of r to an object of Co is said to be of type Sq 
(resp. Sq) if: 

(1) it is unramified outside Sq; 

(2) it is of determinant £; 

(3) for each v € S p U Q, it restricts to a lifting of type T> v and for t) € E, to a lifting of 
type 2}J (resp. Pj). 

If Q = 0, we will denote Sq and <Sq by S and 5 X . The functor from Co to Sets sending R to 
the set of deformations of type Sq (resp. Sq) is represented by an object Rs Q (resp. R$x). 
We will also need to introduce framing. To this end, let 

T = S p U R. 

Let .r5 t (resp. denote the object of Co representing the functor sending R in Co to the 

Q Q 

set of deformations of r of type <Sq (resp. Sq) framed at each v € T. (We refer to Definitions 
2.2.1 and 2.2.7 of [CHT08J for the notion of a framed deformation of a given type, replacing 
the group Q n of op. cit. with GL n where appropriate.) 
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We have natural maps 

Rs Q — > 



R\oc > R 



coming from the obvious forgetful maps on deformation functors. Similar maps exist for the 
'X-versions' of these rings. The following lemma is immediate: 



Lemma 5.2. The map 



R s Q -> Rsl 



is formally smooth of relative dimension n 2 \T\ — 1. The same statement holds for the corre- 
sponding rings of type Sq . 

We now consider the map R\ oc — > R^q- For this, we will need to consider the following 
Selmer groups: 

H c(Q),T( G F,^°r) := ker [ ^(G^, ad°r) ^ if 1 ^, ad°f) H 1 (G x ,ad°r)/L x 

\ xeT xeQuS a 

^£(Q)^,T(GF,ad°r(l)) := ker I H 1 {G f , Sq , ad°f(l)) -> H \G X , ad°r(l))/Lj 

\ xeQus a 

Proposition 5.3. (1) The ring (resp. R^x) is a quotient of a power series ring over 
R \oc ( res P- R \oc) in 

h l CtT (G F , ad°r) + ^ h°(G v , adr) -h°(G F , adr) variables. 

v<=T 

(2) We have 

hc,T(G F ,ad r) = h l £±T (G F , ad°f(l)) + h°(G F , ad°r) - h°(G F , ad°f(l)) 

+ (dinifcL,, -/i°(G,,,ad r)) - ^ ad°r). 

veSaUQ t>eTu{t)|oo} 

Proof. The first part follows from the argument of [Kis09, Lemma 3.2.2] while the second 
follows from Poitou-Tate duality and the global Euler characteristic formula (c.f. the proof of 
|Kis091 Prop. 3.2.5]). □ 

5.3. The numerical coincidence. By choosing a set of Taylor-Wiles primes Q to kill the 
dual Selmer group, one deduces the following. 

Proposition 5.4. Assume thatr(G F ^ p )) is big and let q > h^± T (G F , ad°r(l)) be an integer. 
Then for any N > 1, we can find a tuple (Q, (ip v ) ve Q) where 

(1) Q is a finite set of primes of F disjoint from S with \Q\ = q. 

(2) For each v € Q, we have r\a v = s v © tp v where ip v is a generalized eigenspace of 
Frobenius of dimension 1. 

(3) For each v £ Q, we have N f /q(v) = 1 mod p N . 
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(4) The ring R s ^ (resp. R^x ) is a quotient of a power series ring over R\ QC (resp. R\ oc ) 
in 

„ + m -l-[F:q|=&£i>-fc. 

variables. 

Proof. Suppose given a tuple (Q, (ip v )veQ) satisfying the first three properties. Let e v € adr 
denote the G^-equivariant projection onto ip v . Then, as in [CHT081 Prop. 2.5.9] (although 
we work here with a slightly different deformation problem at each v € Q) we have 

—> 4(g)i,r( G F,ad F(l)) — ► H). X>T (G F , ad°f(l)) — ► ©^eQ& 

where the last map is given by [</>] H> (tr(e^(Frob„))V The argument of [OHT081 Prop. 
2.5.9] can then be applied to deduce that one may choose a tuple (Q, ("4> x )x&q) satisfying the 
first three required properties and such that 

H 1 c(Q)±tT (G F , a d°r(l)) = {0}. 
The last property then follows from Prop. 15.31 equation flTJ) and the fact that 

dim/,. L v — h°(G v , ad°r) = 

□ 

6. Homology of Arithmetic Quotients 

Let A denote the adeles of Q, and A°° the finite adeles. Similarly, let A F and A|? de- 
note the adeles and finite adeles of F. Let G = Res^yqGL(ra), and write G^ = G(R) = 
GL„,(R) ri x GL n (C) r2 . Let be the centre of G(R), and the connected component 
of Zoo. Furthermore, let denote a maximal compact of with connected component 
K^. For any (sufficiently small) compact open subgroup K of G(A°°), we may define an 
arithmetic manifold Y(K) as follows: 

Y(K) := G(F)\G(A)/Z° CG K° ca K. 

It has dimension 2qo + lo in the notation above. We will specifically be interested in the 
following K. Let S = S P L) RU S a and Sq = S U Q be as in Section [5j 

6.0.1. Arithmetic Quotients. Let Kq = \\ v Kq iV and Lq = T\ v Lq^ v denote the open compact 
subgroups of G(A) such that: 

(1) IfvGQ, Kq <v = {g £ GL n (O v ) \ g stabilizes I mod ir v } where t is a fixed line in k%. 

(2) HveQ, Lq iV C Kq ;V is the subgroup of elements which act trivially on I. 

(3) If v ? S Q K QtV = Lq\ v = GL n (O v ). 

(4) If v G R, Kq <v = Lq <v = the Iwahori Iw(v) subgroup of GL n (C„) associated to the 
upper triangular unipotent subgroup. 

(5) If v e S a , Kq >v = Lq jV = ker(GL n (O v ) -> GL n (k v )). (This ensures that Kq and Lq 
are sufficiently small.) 

When Q = 0, we let Y = Y(Kq). Otherwise, we define the arithmetic quotients Yq(Q) 
and Y\(Q) to be Y(Lq) and Y(Kq) respectively. They are the analogs of the modular curves 
corresponding to the congruence subgroups consisting of Tq(Q) and Fi(Q). 



ifveQ 
if v € S a 
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For each v G R, let lwi(v) C lw(v) denote the pro-f Iwahori. We fix a character 

Y^=VV x-- - x : Iw(u)/Iwi(u) = (fc x ) n — > l + m C O x . 

The collection of characters ip = (tp v ) v eR allows us to define a local system of free rank 1 
0-modules G(ip) on Yi(Q) for i = 1, 2: let 7r : y(Q) — >■ y(Q) denote the arithmetic quotient 
obtained by replacing the subgroup Iw(u) with Iwi(v) for each v E R. Then, a section of 
0(ip) over an open subset U C y(Q) is a locally constant function / : ir~ l (U) — > such 
that /( 7 «) = V(7)/H for all 7 G Iw(u)/Iwi(«). We let H*,(Yi(Q),0) and H^Y^Q), O) 
denote £P(y(Q), 0(ip)) and H^Y^Q), 0(ip)). Note that if ^ = 1 is the collection of trivial 
characters, then <D(ip) ^ O and hence H^(Yi(Q),0) = iT(y(Q), O). 

6.0.2. Hecke Operators. We recall the construction of the Hecke operators. Let g G G(A°°) 
be an invertible matrix trivial at each place v G R. For K C G(A°°) a compact open 
subgroup of the form Kq or Lq, the Hecke operator T(g) is defined on the homology modules 
H;i/>(Y(K), O) by considering the composition: 

H.^(Y(K), O) -> H.^(Y(gKg- 1 n Kq), 0) -> H.^(Y(K n (T 1 /^), O) -> H.^(Y(K), O), 

the first map coming from the corestriction map, the second coming from the map Y(gKg^ 1 n 
if, 0) — ► Y"(if n g~ l Kg,(D) induced by right multiplication by g on G(A) and the third 
coming from the natural map on homology. The maps on cohomology H^(Y(K),0) are 
defined similarly. (Since, conjecturally, the cohomology of the boundary will vanish after 
localizing at the relevant m, we may work either with cohomology or homology, by duality.) 
The Hecke operators act on H'(Y(K), O) but do not preserve the homology of the connected 

components. Indeed, the action on the component group Ak := F X \A F D,X / det(K) of Y(K) 
is via the determinant map on G(A°°) and the natural action of A^' x on Ak- For a G A^' x , 
we define the Hecke operator T a ^ by taking 

5 = diag(a,a, ...,1,...,1) 

consisting of k copies of a and n — k copies of 1. We may define the diamond operators (a) 
via the action of the centre A^' x = a ■ Id inside G(A°°). (The operator (a) acts non-trivially 
on the component group via the element a n G A^' x .) We now define the Hecke algebra. 

Definition 6.1. Let Tq 1 ^ denote the subring of 

End0ffJ(yi(Q),O/«7 n ) 

k,n 

generated by Hecke endomorphisms T a \~ and (a) for all k < n and a away from primes in 
Sq, and by (a) for all a coprime to the level. Let Tq^ denote the O-algebra generated by 
the same operators together with U x for x in Q. If Q = 1, we write for Tq ^. 

If e G Op is a global unit, then T e acts by the identity. If a C Of is an ideal, we may, 
therefore, define the Hecke operator T a as T a where a G A F represents the ideal a. 

Remark 6.2. It would be more typical to define Tq^ as the subring of endomorphisms of 

End0fl$(yi(Q),0), 
k 
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except that it would not be obvious from this definition that Tg ^ acts on H^(Yi(Q), 0/w n ) 
for any n. It may well be true (for the m we consider) that Tq ^ acts faithfully on H^ )+l ° ( Yi (Q) , O) 
— and indeed (at least for Q = 0) this (conjecturally) follows when Theorem 11.21 applies and 
(in addition) R\ oc is smooth. Whether one can prove this directly is an interesting question. 
(The claim is obvious when the cohomology occurs in a range of length Iq = 0, and also 
follows in the case Iq = 1 given known facts about the action of Tq on cohomology with K 
coefficients.) 

6.1. Conjectures on Existence of Galois Representations. Let m denote a maximal 
ideal of Tq 1 ^, and let Tq 1 ^ m denote the completion. It is a local ring which is finite (but not 
necessarily flat) over O. 

Conjecture A. There exists a semisimple continuous Galois representation r m : Gf — > 
GL„(Tg n ^/m) with the following property: if A Sq is a prime of F, then r m is unramified 
at X, and the characteristic polynomial ofr m (Froh\) is 

X n -T XA X n - 1 +. . .+(-iy-N F/Q (\f i - i y 2 T x , i X n - i + . . . + (-l) n N F/Q (\) n ^/ 2 T x , n G T^/m[X}. 

(Note that this property determines r m uniquely by the Cebotarev density theorem.) Ifr m is 
absolutely irreducible, we say that m is non-Eisenstein. In this case we further predict that 
there exists a deformation r m : Gf — > GL n (Tg n ^ m ) ofr m unramified outside Sq and such 
that the characteristic polynomial of r m (FrobA) is given by the same formula as above. In 
addition, if r m = r (where r is the representation introduced in Section \5.2\) . we conjecture 
that r m enjoys the following properties: 

(1) If v\p, then r m \o v is Fontaine- Laffaille with all weights equal to [0, 1, . . . , n — 1] . 

(2) If v £ Q, then r m \c v is a lifting of type T> v where T> v is the local deformation problem 
specified in Section \5.2.1\ 

(3) If v G R, then the characteristic polynomial of r m (a) for each a 6 I v is (X — 
4> v<1 (Ait- 1 (o-)))...(X-ip v , n (Art- 1 (o-))). 

(4) The localizations HJ t p(Yi(Q), 0/w n ) m vanish unless i € [qo, ■ ■ ■ , qo + lo] ■ 

(5) For v € Q, let P V (X) = (X — a v )Q v (X) denote the characteristic polynomial of 
r(Frob„) where a v = ^(Frob^). LetxriQ denote the maximal ideal o/Tq^ containing 
m and V mx — a x for all x\Q. Then there is an isomorphism 

II Q«(y m „) : H;(Y,0/zu n ) m ^ H;(Y (Q),O/w n ) mQ , 

x&Q 

It follows that r m is a deformation off of type Sq (resp. Sq) if each ip v is the trivial character 
(resp. ifj v = Xv for each v 6 R). In this case, we obtain a surjection Rs Q -» Tq 1 1 m (resp. 

Some form of this conjecture has been suspected to be true at least as far back as the 
investigations of F. Grunewald in the early 70's (see [Gru72} rGHM78| ). Related conjectures 
about the existence of r m were made for GL(n)/Q by Ash [Ash92], and for GL(2)/F by 
Figueiredo |Fig99| . One aspect of this conjecture is that it implies that the local properties 
of the (possibly torsion) Galois representations are captured by the characeristic zero local 
deformation rings R!^ for primes v. One might hope that such a conjecture is true in maximal 
generality, but we feel comfortable making the conjecture in this case because the relevant 
local deformation rings (including the Fontaine-Laffaille deformation rings) reflect an honest 
integral theory, which is not necessarily true of all the local deformation rings constructed by 
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Kisin [Kis09 , (although the work of Snowden [Snoj gives hope that at least in the ordinary case 
that local deformation rings may capture all integral phenomena). By devissage, conditions [4] 
and [5] are satisfied if and only if they are satisfied for n = 1, e.g., with coefficients in the 
residue field k = O/w. 

The reason for condition [5] of Conjecture is that the arguments of §3 of [CHTO^ (in 
particular, Lemma 3.2.2 of ibid.) often require that the GL n (i ? x )-modules M in question are 
0-flat. However, it may be possible to remove this condition, we hope to return to this point 
later (it is also true that slightly weaker hypotheses are sufficient for our arguments). Note, 
however, that when n = 2, this condition [5] is somewhat easier to handle (cf. Lemma 3.4 
of |CGJ ). This is because there are maps: 

H*{Y,0/w n )l -»• H*(Y (x),O/zu n ) m -> H*(Y,Q/w n ) 2 m 

such that the composition is a matrix with invertible determinant (under the assumptions 
that the eigenvalues of r(Frob x ) are distinct and N^yq(x) = 1 mod p), which induces a 
splitting of m-modules. 

6.1.1. Properties of cohomology groups. Let m denote a non-Eisenstein maximal ideal m of 
T. We have natural homomorphisms 

rpan , rpan rri rpan r . rr\ 

L Q ~> 1 = r 0' L Q ^ T Q 

induced by the map H*(Y,0) — > H'(Yi(Q),0) and by the natural inclusion. The ideal rri0 
of T0 pulls back to an ideal of Tq 1 which we also denote by rri0 in a slight abuse of notation. 
The ideal rri0 may give rise to multiple maximal ideals m of Tq. Suppose that Q contains a 
finite number of primes x with N{x) = 1 mod p and such that p(Frob x ) has an eigenvalue 
a x with multiplicity one. Then there is a unique corresponding ideal m of Tq containing 
U x - a x . 

For each N, there is a natural covering map Y\(Qn) — > Yq(,Qn) with Galois group 

A:=Y[(O f /x)\ 

xeQ 

Replacing Yi(Qjv) with Yh(Qn) for the quotient An = (Z/p N Z) q of A, we obtain a complex 
Dn of free Sn = 0[A7v]-modules of length Iq computing the complex H*(Yi(Qn), 0) m . 
Moreover, if (say) one tensors Sn with 0/w m for some m, then the cohomology of the 
resulting complex H*(Yi(Qn), 0) m which has finite length and moreover has an action of T 
by definition of T. 

6.2. Modularity Lifting. In this section we prove our main theorem on modularity lifting. 

We assume Conjecture lAl and the existence of a maximal ideal m of T : — T0 j with r m = r. 
We assume also that r(G(F(( p ))) is big. 

Since 

H*{Y,0/zu)^H* x (Y,0/ru), 

the ideal m induces a maximal ideal of T x := T0 X , which we also denote by m in a slight 
abuse of notation. By Conjecture [A] we have surjections Rs T m and Rs x -» T x>m . 

Theorem 6.3. If we regard HQ° +l0 (Y,O) m as an R$ -module via the map R$ — » T m , then it 
is a nearly faithful R$ -module. 
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Proof. We will apply the results of Section 13.11 For each N > 1, choose a set of Taylor-Wiles 
primes Qn satisfying the assumptions of Proposition 15.41 (for some fixed choice of q). Let 

g = q + \T\-l-[F:Q]^ Y ^-l 

be the integer appearing in part of this proposition. We will apply Proposition 13.61 with 
the following: 

• Let Soo = 0[[(Z p ) q ]] and Sn = 0[An] as in the statement of Proposition 13.31 

• Let j = n 2 \T\ - 1 and O d = 0[[z x , . . . , Zj]]. 

• Let 

-^oo = -Rlodfcl) • • • > x g}] 

Rio = n%j[xi,... t xg]]. 

Note each R 1 ^ is p-torsion free and equidimensional of dimension 1 + q + j — Iq by 
Lemma 15. 11 In addition, we have a natural isomorphism R^/w — > R^/w. 

• Let (i? 1 ,^ 1 ) = {R s ,Hi° +k >(Y,0) m ) and (R 2 ,H 2 ) = {R S x, Hf +l °{Y, O)). Note that 
we have natural compatible isomorphisms R 1 /zu R 2 /w and H 1 jvo H 2 /w. 

• Let T = T 1 =T 2 = H*(Y, O/w) m regarded as a complex with all differentials d — 0. 

• For each N > 1, let Y& n (Qn) — > Yq(Qn) denote the subcover of Y\(Qn) — >• Yq(Qn) 
with Galois group An = (Z/p N ) q . Let D l N (resp. D 2 N ) denote a perfect complex 
of £V-modules, concentrated in degrees [go, ■ • • , qo + lo] whose cohomology computes 
H*(Y AN (Q N ),0) m (resp. H*(Y An (Q n ), 0) m ). We can and do assume that D' N ® 
S N /m SN ^Tfor i = l,2. 

• Choose representatives for the universal deformations of type Sq n and <Sq n which 
agree modulo w. This gives rise to isomorphisms 

R S* ~* R S% [[ z l>---> z 3l\- 

In the notation of Proposition 13.31 the rings on the right hand side can be written 
Rg Q and R^j x • By Proposition 15.41 we can and do choose surjections R^ -» Rg Q 

and R 2 ^ -» R^ x • Composing these with the natural maps R$ Q -» Rs Qn -» R s = 

R 1 and R^ x r s x ~* R s* = r2 , we obtain surjections 4> N : R^ -» R 1 and 

Qn q n 

^n-.RI^ R 2 . 

We have now introduced all the necessary input data to Proposition 13.61 We now check that 
they satisfy the required conditions. 

• For each M > N > with M > 1 and each n > 1, we have an action of Rs Qn (resp. 

R s x ) on the cohomology H*(Y An (Q m ), Ofw n ) m (resp. H*(Y AN {Q M ),0/w n ) m ) by 

Qn a - 

Conjecture [A] Applying the functor, X i— > X a , and using the surjection R^ -» RS 

Qn 



(resp. R 2 ^ -» R s x ), we obtain an action of R^ (resp. R 2 ^) on H*(D^ <8>s M Sn/tz™) 
Qn 

(resp. H*(DlF® SM S N /w n )). 

Thus condition (jb]) of Proposition 13.31 is satisfied for both sets of patching data. Condi- 
tion (jcj) follows from Conjecture IXJ while condition (jd]) is clear. Finally, we note that we have 
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isomorphisms 

H lo ((D 1 M ) a ^ SM S N /m) = H l "(Y AN (Q M ),0/m) n ^ H%(Y An (Q m ),0/zv) d = H l °{{D 2 M ) a ®s M S N /w) 

for all M > N > with M > 1. These isomorphisms are compatible with the actions of R 1 ^ 
and give rise to the commutative square required by Proposition 13.61 

We have now satisfied all the requirements of Proposition 13.61 and hence we obtain two 
complexes P^P and P^P . By Lemma ED Specif is irreducible, and hence by Theorem 13.41 
is nearly faithful as an ii^-module. Thus 

H l °(P^ D )/^^H l °(P^)/w 

is nearly faithful over R^/zu — > R^/w. By Lemma 15.11 and [Tay08, Lemma 2.2], it follows 



that H l °(P^p) is nearly faithful over Rlc providing that H l °(P^P) is p-torsion free. However, 
each associated prime of H l °(P^P) is a minimal prime of R^ and by Lemma 15.11 all such 
primes have characteristic 0. Thus p cannot be a zero divisor on H l °(P^o ) and the result of 
Taylor applies. By conclusion (fiv|) of Proposition 13.31 we deduce that H 1 = H q0+l °(Y,O) m is 
nearly faithful over R 1 = R$, as required. □ 

7. Proof of Theorem II. II 

In this section, we prove Theorem II .11 

Proof. Let A be an elliptic curve over a number field K. If A has CM, then the result is well 
known, so we may assume that Endc(^4) = Z. Let 

r = Sym 2 "-V : G K -> GL 2 „(Q P ) 

denote the representation corresponding to the (2n — l)th symmetric power of the Tate module 
of A. To prove Theorem 11.11 it suffices (following, for example, the proof of Theorem 4.2 
of [HSBT10]) to prove that for each n, there exists a p such that r is potentially modular. 
We follow the proof of Theorem 6.4 of [BLGHT11]. (The reason for following the proof of 
Theorem 6.4 instead of Theorem 6.3 of ibid, is that the latter theorem proceeds via compatible 
families arising from the Dwork family such that V[X]t is ordinary but not crystalline, which 
would necessitate a different version of Theorem 11.21 ) In particular, we make the following 
extra hypothesis: 

• There exists a prime p which is totally split in K, and such that p + 1 is divisible by 
an integer ./V2 which is greater than n and prime to the conductor of A. Moreover, 
the mod-p representation ~p A : Gk — > GL2(F p ) associated to A[p\ is surjective, A has 
good reduction at all v\p, and for all primes v\p we have 

Pa ■ Gq p ~Ind^ 2 w 2 . 

(This is a non-trivial condition on A, we consider the general case below.) It then suffices to 
find sufficiently large primes p and I, a finite extension L/K, an integer ./V2 with N2 > n + 1 
and p+1 = N1N2 (as in the statement of Theorem 6.4 of § 4 of [BLGHT11]) and primes A, A' 
of Q(CaO + (with A dividing p and A' dividing I) and a point t € Tq(L) on the Dwork family 
such that: 

(1) V[\) t ~r\_ GL , 

(2) V[A']( ~ r '\G L j where r' is an ordinary weight representation which induced from 
Glm for some suitable CM field M/Q of degree 2n. 

(3) p splits completely in L. 
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(4) A and V are semistable over L. 

(5) r\c L and v'\q l satisfy all the hypotheses of Theorem 11.21 with the possible exception 
of residual modularity. 

This can be deduced (as in the proof of Theorem 6.4 of [BLGHTllj ) using the theorem of 
Moret-Bailly (in the form of Prop. 6.2 of ibid) and via character building. By construction, 
the modularity of r follows from two applications of Theorem ll.2( once applied to the A'-adic 
representation associated to V (using r' and the residual modularity coming from the induc- 
tion of a Grossencharacter) and once to the A-adic representation associated to Sym 2n_1 (yl), 
using the residual modularity coming from V. 

For a general elliptic curve E, we reduce to the previous case as follows. It suffices to find 
a second elliptic curve A, a number field L/K, and primes p and q such that: 

(1) The mod-p representation r = {Sym 2n ~ l ^) E )\Q L satisfies all the hypotheses of Theo- 
rem [L2] with the possible exception of residual modularity. 

(2) A and E are semistable over L and have good reduction at all primes dividing p and q. 

(3) p and q split completely in L. 

(4) p + 1 is divisible by an integer N% > n + 1 which is prime to the conductor of A. 

(5) E[q] ~ A[q] as G^-modules, and the corresponding mod-p representation is surjective. 

(6) The mod-p representation ~p A : Gl — > GL2(F p ) associated to A is surjective, and 

Pa\g Qp -Ind^ a u, 2 . 

This lemma also follows easily from Prop. 6.2 of [BLGHTll], now applied to twists of a 
modular curve. We deduce as above (using the mod-q representation) that Sym 2n ~ 1 (A) is 
potentially modular over some extension which is unramified at p, and then use Theorem 11.21 
once more now at the prime at p to deduce that Sym 2n_1 (i?) is modular. □ 

Remark 7.1. It is no doubt possible to also deal with even symmetric powers using the 
tensor product idea of Harris [Har09j . 
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